The graph is a natural representation of data in a variety of real-world applications, for example as a knowledge graph, a social network, or a biological network. To better leverage the information behind the data, the method of graph embedding is recently proposed and extensively studied. The traditional graph embedding method, while it provides an effective way to understand what is behind the graph data, is unfortunately sub-optimal in many cases. This is because its learning procedure is disconnected from the target application. In this paper, we propose a novel approach, Customized Graph Embedding (CGE), to tackle this problem. The CGE algorithm learns a customized vector representation of the graph by differentiating the varying importance of distinct graph paths. Experiments are carried out on a diverse set of node classification datasets and strong performance is demonstrated.
Introduction
Graphs are a natural representation to use in a broad range of realworld applications [10, 9] , for example in the context of graph embedding. Graph embedding methods produce dense vector representations of graphs and thus provide information about what is behind the data. Such dense vector representations consequently can benefit a variety of downstream applications such as node classification. Existing graph embedding methods can be categorized into three categories, namely factorization-based [10] , random walk-based [20] and deep learning-based [14] . Random walk-based approaches are popular in many real-world problems, because they are efficient and scalable to large graphs. While efficient and effective, the existing random walk methods are often sub-optimal because the path generation procedures are disjoint from the target applications. As a result, these methods do not generate embedding vectors that are customized to the application at hand.
We study in this paper whether the information requirements, as far as the graph is concerned, vary from application to application. A medical Q&A-application provides an example. Suppose that we want to enhance the performance of medical Q&A by exploiting a Wikipedia knowledge graph. Wikipedia is a general knowledge graph which contains knowledge from many domains. Knowledge from non-medical domains may be irrelevant or even distracting for a medical application. It thus makes sense, intuitively, that such non-medical knowledge should be de-emphasized in the embedding learning procedure to obtain more customized embedding. However, it is a non-trivial problem to select the most relevant knowledge automatically from a large graph to provide stronger support to a specific application.
In this paper, we propose Customized Graph Embedding (CGE) to address this problem. With CGE, the path generation procedure is tailored to a specific application. CGE first samples a set of paths randomly from the graph, and then re-weights them through a neural network model before the embedding calculation. CGE's embedding procedure with path re-weighting is formalized as a bi-level optimization problem [21] , which consists of two loops. In the inner loop, we train the embedding vectors and supervised model parameters based on a fixed re-weighting model. In the outer loop, the goal is to optimize the re-weighting model to minimize the semisupervised loss. We study two neural network architectures for the reweighting model, i.e., Convolutional Neural Network [15] and Long Short-Term Memory [11] . We also implement a simple re-weighting strategy based on average pooling for comparison. Following Yang et al. [26] , we develop both transductive and inductive variants of CGE. The transductive model only learns the embedding for instances observed at the training time, while the inductive model is able to generalize to unobserved instances in the training phase.
We carry out experiments on four open datasets for node classification: CITESEER, CORA, PUBMED and NELL. The experimental results demonstrate the effectiveness and robustness of CGE. On the four datasets, CGE outperforms or performs on par with state-of-theart methods and establishes the best-ever performance scores when combined with the Graph Convoluational Network (GCN) [14] . The source code is publicly available. 6 To summarize, the contributions of this paper are as follows:
• CGE is, to our best knowledge, the first attempt to customize graph embedding by tailoring the information in the graph to the application at hand. • CGE achieves state-of-the-art performances on four node classification datasets (CITESEER, CORA, PUBMED and NELL) that are widely used for the empirical evaluation of graph embedding methods. • We provide deep insights into CGE, to explain the benefits of the path re-weighting. We observe that the method can automatically retrieve task-oriented paths from the graph, and the weighting scores are affected by the lengths and node diversities of the paths, which agrees well with human common-sense.
In the rest of this paper, we first cover related work in Section 2. We then discuss our novel Customized Graph Embedding (CGE) method in Section 3. Experimental protocols and results for CGE are presented in Section 4, while Section 5 concludes and mentions future research opportunities.
Related Work
Graph embedding benefits a wide variety of graph analytic applications. The advantage of graph embedding is that "translates" all kinds of information from graphs into dense vectors. These dense vectors can then be used by downstream applications as advanced feature representation. For example, Zhang et al. [27] propose a deep feature learning paradigm by mining visual-semantic embeddings from noisy, sparse, and diverse social image collections. They demonstrated superior performance of graph embedding in various applications such as content-based retrieval, classification, and image captioning.
The input types for graph embedding include homogeneous graph, heterogeneous graph, graph with auxiliary information, and graph constructed from non-relational data [3] . The homogeneous graph, such as a Webpage link graph [24] , is a primary setting of graph representation. Here, every node and edge in the graph is of the same type. The heterogeneous graph is another standard setting where nodes and edges are of different types. For example, a knowledge graph constructed from Wikipedia consists of three types of nodes (entity e, category c, and word w) and three types of edges (e-e, e-c, and w-w) [28] . One can also build graphs with auxiliary information (e.g., attributes, labels, and text descriptions) on nodes to improve the embedding quality [6] . Besides, the graph can be constructed from non-relational data in order to benefit from graph embedding techniques. For instance, Yan et al. [25] construct an intrinsic graph to capture intra-class compactness, and a penalty graph to characterize inter-class separation. Moreover, there are four major types of graph embedding outputs: node embedding, edge embedding, hybrid embedding, and whole-graph embedding [3] . This paper mainly focuses on node embedding, but the idea of customized graph embedding is not restricted to it and may benefit other types of graph embedding outputs.
The techniques of graph embedding can be categorized into three broad groups, i.e., factorization-based, random walk-based, and deep learning-based approaches [10] . Factorization-based algorithms represent the connection between nodes in the form of a matrix (including an adjacency matrix [1] , a Laplacian matrix [2] , or a node transition probability matrix [4] ) and calculate the embedding vectors by factorizing the corresponding matrix. The limitation of factorization-based methods is that they are prohibitive on large graphs since the proximity matrix construction or the eigendecomposition of the matrix is time and space consuming [8] . Random walk-based methods [20, 17] are more efficient and scalable for large graphs and have been extensively studied. Specifically, Deep-Walk [20] samples a set of paths by random walks on the graph and leverages SkipGram-based Word2Vec [18] to calculate node representation vectors. However, DeepWalk ignores the label information in embedding learning so that the embedding vectors are not customized for a specific application task. Node2vec [12] offers a way to adapt the sampling strategy to BFS or DFS according to the requirements of different applications, but it is not expressive enough to incorporate all kinds of sampling strategies. Planetoid [26] is a semi-supervised graph embedding framework that jointly optimizes the node label and graph context. Nevertheless, the path sampling strategy is not application task-specific. In addition, deep learningbased approaches utilize auto-encoders [23] or convolutional neural networks [19] on the whole graph directly without a random walk. For example, the Graph Convolutional Network (GCN) [14] is a state-of-the-art semi-supervised graph embedding approach that has obtained a superior result on node classification. It aggregates feature information from local neighborhoods in a graph iteratively using a convolutional neural network.
Customized Graph Embedding
The overall pipeline of Customized Graph Embedding (CGE) is illustrated in Figure 1 . The inputs to the pipeline include a large graph (with nodes and edges) and a target task with labeled instances (corresponding to graph nodes), and the outputs are embedding vectors (in the transductive setting) or embedding models (in the inductive setting) for each node. Similar to traditional random walk-based approaches, we sample a collection of sub-paths from the input graph, where the start and end nodes in each sub-path formulates a node pair. The most salient procedure proposed in CGE is to re-weight each pair by a neural network model, for instance, LSTM, to reflect its importance for a specific task. Based on the labeled instances, we generate additional node pairs where two nodes within a pair share the same label. As these pairs are well-aligned with the target task, we set the weighting score as 1 and do not apply re-weighting to them during training. The loss function is semi-supervised, where the unsupervised pair can be constructed by the weighted pairs, and the supervised part can be formulated as cross-entropy on labeled instances. Finally, the optimization procedure is conducted on the semi-supervised loss and the embedding vectors or models are generated as outputs.
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Path Sampling & Pair Generation
The sampled paths are generated by a random walk on the entire graph. We take each node as a starting point and sample the next node uniformly from its neighbors. This sampling process is repeated multiple times until the path is long enough. We then extract sub-paths from each path within a fixed sliding window. For example, if the original path is n1n2n3n4n5, and the sliding window size is 3, all the sub-path extracted should be n1; n2; n3; n4; n5; n1n2; n2n3; n3n4; n4n5; n1n2n3; n2n3n4; and n3n4n5. The starting and ending node in each sub-path formulates a node pair. To use the labeled instances, following [26] , we sample a collection of virtual paths that consist of nodes with the same label. Then, we get additional pairs from these virtual paths because these nodes are highly relevant with each other.
Path Re-weighting
In unsupervised graph embedding methods such as DeepWalk [20] , paths are usually assumed to be equally weighted in the loss function. However, the embedding vectors learned in this way are not always optimal for an arbitrary application. Take the Wikipedia knowledge graph as an example. Each path in the graph reflects a piece of knowledge in a particular domain, and a random path may be noisy or irrelevant to the target application. Thus, we re-weight the graph paths to indicate their importance scores so that the essential knowledge for a specific task can be emphasized.
Our re-weighting model is based on neural network architecture. We denote the re-weighting model as A, which takes a sequence of nodes in the path as input and outputs an importance weight in the range of [0, 1]. The framework is quite general, and a variety of architectures can be leveraged as the re-weighting model. Here we employ two neural network architectures, i.e., Convolutional Neural Network (CNN), and Long Short-Term Memory (LSTM). For comparison, we also implement a baseline re-weighting strategy based on average pooling. The three re-weighting models are described as follows:
• Average Pooling: It calculates the average embedding vectors of all nodes in the path. A feed-forward layer is applied before Sigmoid activation.
• CNN:
Two 1-D convolution layers are stacked on the input vector, as shown in the equations below. In each convolutional layer, the filter size is set to be 3, and the number of filters is 1. The weight of path p k is given by:
where w 1 and w 2 are the parameters in the first and second layers respectively. h 1 k is a vector, whose dimension equals to the embedding size, and h 2 k is a scalar. • LSTM: LSTM is a natural choice for modeling sequential input [13] . In our implementation, the hidden state of LSTM is passed to a feed-forward layer and then to a sigmoid output layer. The weight of path p k is calculated by:
where w and h k are the parameters and hidden states of LSTM model respectively; wlinear is the vector of parameters for the feed-forward layer.
Loss Function
The loss function is semi-supervised and consists of two parts, i.e., the supervised loss Ls, and unsupervised loss Lu.
The supervised loss optimizes the prediction of the target variables explicitly, while the unsupervised loss is used as regularization. The semi-supervised loss is formulated as:
where λ is a hyper-parameter that controls the trade-off between the Ls and Lu and θ denotes the set of trainable parameters in the supervised model. e is the final output embedding vector for the node.
Unsupervised Loss
Given an input graph, our goal is to learn the embedding representation of each node in the graph tailored to the particular task. Learning the embedding vectors of nodes in the graph formalizes a unsupervised graph embedding problem which can be solved by Deep-Walk [20] , where the loss function is similar to Skip-Gram [18] . We generalize the loss function of previous work by enabling importance weighting on each path, in our revised loss function:
where p k represents a sub-path sampled randomly from the graph; A(p k ) calculates the importance weight of the sub-path; i and j denote the start node and end node of p k respectively; wi represents the input embedding vector of node i; ej is the output vector of node j; and loss(wi, ej) is the loss of predicting node j by node i. The loss function is:
where K is the number of all distinct nodes. In practice, if the graph size is too large, we can apply negative sampling [18] to accelerate to training process.
Supervised Loss
Based on the embedding vectors ei, supervised loss of node classification can be written as below:
where xi and ei represent the feature vector and embedding vector of node i respectively; f denotes the supervised model, and θ is the parameters of the model. The ground truth label for node i is yi, and l(·, ·) denotes the loss function (cross-entropy, mean squared, etc.).
In our experiments, we utilize cross-entropy loss in node classification tasks. We implement two flavors of the supervised loss, namely transductive and inductive [26] . In the transductive setting, the embedding vector ei is trained on the training data and retrieved directly when the same node appears in the test phase. The drawback is that the model cannot be generalized to unseen nodes in the training phase.
To alleviate this problem, we also implement the inductive setting, where a model is learned to project any feature vector xi to the corresponding embedding vector e(xi).
• Transductive Setting: the embedding vectors ei serves as additional features to xi and can be learnt jointly in the semisupervised model. The transductive semi-supervised loss is:
f (xi, ei, θ) = softmax(h k (xi), h l (ei))
where h k and h l are single feed-forward layers, taking the feature vectors and embedding vectors as input respectively; θ represents the learnable parameters of layer h k and h l . The results of the feed-forward layers are concatenated before calculating the prediction result by softmax in (8) . • Inductive Setting: the embedding vector ei is calculated as a function of the input feature vector xi, thus can be generalized to unseen instances. The semi-supervised loss in the inductive flavor is shown below:
where h is a single feed-forward layer, taking the concatenation of features vector xi and embedding vector e(xi) as input; θ stands for the learnable parameters in layer h. In our experiments, the embedding function e(xi) is implemented as a single feed-forward layer.
Optimization
The goal of customized graph embedding is to automatically find the optimal function A * that minimizes the validation loss L(A * , e * , θ * ) where the embedding vector e * and model parameter θ * are learned jointly to fit the training data. It can be naturally formulated as a bilevel optimization problem: 
In this problem, A is constrained to be the solution of a given optimization problem parameterized by e and θ. Let α = (e, θ) and wA denotes the parameters in the weighting model A, (11) can be rewritten as:
Solving the bi-level optimization problem in (12) exactly is prohibitive, because of the nested structure: the optimal value of α * needs to be recomputed whenever wA has any change. We thus introduce an approximate iterative optimization procedure similar to [16] , where α and wA are updated alternately. First, we update α = (e, θ) for a single step towards minimizing the training loss Ltrain(wA, α). Then, keeping the embedding vector e and supervised model parameter θ fixed, we update the parameter wA (which controls the weighting strategy of sampled paths) towards minimizing the validation loss:
where ξ is the learning rate of a virtual gradient step. The idea behind virtual gradient step is to find a weighting strategy wA which has low validation loss when the supervised parameter α * (wA) is optimized.
Here the one-step unroll weights serve as a surrogate for the optimal value α * (wA). The optimization procedure updates the following two gradients in equation (14) and (15) alternately:
Here Ls,train represents the supervised loss on the training nodes, Lu is the unsupervised loss on the sampled paths, which do not differentiate for Ltrain and Lval. Note that the supervised loss does not have derivation to wA, so the first item Ls,val in (15) can be ignored. Take the transductive setting as an example. The overall procedure of CGE is summarized in Algorithm 1. The inputs include labeled data and unlabeled data, while the outputs are node embedding vectors. Table 2 . Accuracy of the unsupervised baselines (DeepWalk and node2vec) , a state-of-the-art semi-supervised method (PLATOID-T/I), and the Customized Graph Embedding (CGE) models (CGE-Average, CGE-CNN, CGE-LSTM). PLANETOID-T and PLANETOID-I denote transductive and inductive semisupervised graph embedding respectively. Significance tests show that our CGE-based results are, except for PUBMED, significantly better than the results of PLANETOID-T and PLANETOID-I respectively, with p < 0.05 (marked by one star * ) and p < 0.01 (marked by two stars * * ).
knowledge base [5] and a hierarchical entity classification dataset [7] . The entities and relations in the graph are extracted from the NELL knowledge base [26] . The goal is to classify the entities in the knowledge base into one of the 210 classes given the features of graph nodes. Following Yang et al. [26] , we use three datasets (NELL01, NELL001, NELL0001) generated from the NELL corpus, with different labeled data ratios. 8 Dataset statistics are shown in Table 1 . The original datasets do not distinguish between validation and test, so we randomly select 50% for test and 50% for validation. The same data split is used for the different algorithms.
Experimental Settings
For all datasets, we follow the original data split [26] and adopt accuracy as the evaluation metric for node classification. We compare CGE with a state-of-the-art semi-supervised graph embedding method, Planetoid [26] , in the transductive and inductive settings, respectively. 9 We also adopt two commonly-used unsupervised approaches, DeepWalk [20] and node2vec [12] , as baseline methods. Three variants of CGE are evaluated in the experiments, namely CGE-Average (reweighting with average pooling), CGE-CNN (reweighting with CNN), and CGE-LSTM (reweighting with LSTM). In our experiments, the embedding sizes of the CITESEER, CORA, PUBMED, and NELL datasets are set to 50, 135, 128, and 256 respectively. In the path sampling procedure, the max path length is set to 10. Sliding window size is 3 by default, but we change it to 10 when analyzing the correlation between path weights and path lengths. SGD is used for bi-level optimization.
Results
comparison to baselines
The experimental results are shown in Table 2 . On all the six datasets, the transductive CGE methods outperform or perform on par with previous state-of-the-art methods. In particular, comparing to PLANETOID-T, CGE-CNN achieves 2.5% and 4.3% improvements in accuracy on the CITESEER and CORA datasets; CGE-LSTM achieves 1.7% improvement on PUBMED, and 0.2%, 2.6%, and 9% enhancements on the NELL01, NELL001, and NELL0001 datasets respectively. In the inductive setting, CGE-LSTM achieves on par performance with PLANETOID-I on PUBMED and outperforms the best state-of-the-art results by a large margin on the other five datasets. The results suggest that CGE methods effectively learn better embedding representations that significantly improve node classification accuracy. In addition, the LSTM model turns out to be the best re-weighting strategy for CGE.
Combination with GCN
CITESEER CORA PUBMED GCN Baseline 0.720 0.813 0.792 GCN + CGE 0.747 * 0.827 * 0.846 * Table 3 . Accuracy of GCN baseline and CGN + CGE. Significance tests show that GCN+CGE results are significantly better than the results of GCN baseline with p < 0.05 (marked by a star * ).
The Graph Convolutional Network (GCN) is a relatively recent state-of-the-art method for semi-supervised node classification for graphs [14] . GCN encodes the graph structure using a neural network and trains the supervised target on all labeled nodes. As this method does not calculate node embedding vectors, it is not directly comparable to other graph embedding approaches. Instead, we combine GCN and CGE, in a GCN + CGE hybrid, for the purpose of node classification. Specifically, the softmax output from CGE is used as an additional feature for each node in the GCN model.
Strong results for our GCN + CGE hybrid relative to the GCN baseline are summarized in Table 3 . These results suggest that the output of CGE provides extra information to the original GCN model, achieving new state-of-art performances on the CITECEER, CORA, and PUBMED datasets.
Analysis of Re-weighting
The weighting scores learned in the CGE model are distinctive, a distribution of which is illustrated in Figure 2 . To better understand how path re-weighting benefits the graph embedding results, we further analyze the correlation of different graph paths and their weighting scores. We adopt the CGE-LSTM-inductive algorithm in these empirical studies. To summarize, these studies suggest the following observations: (1) CGE automatically retrieves very relevant paths from the graph. (2) The re-weighting scores are highly related to some key attributes of the graph paths. Details underlying these two observations are provided below in Section 4.4.1 and Section 4.4.2 respectively. To examine if our method can select highly (and perhaps even the most) relevant paths automatically, we randomly sample half of the labels to create a target supervision task. Other labels are masked in the training phase so that they can be leveraged only in an unsupervised manner. We train the CGE model and compare the average weighting scores of the paths. If our hypothesis holds, the most relevant paths (with target labels) should be emphasized by larger weights than other paths that do not contain the target labels. As shown in Figure 3 , the results agree well with our intuition that the weighting scores of relevant paths are consistently larger than the remaining paths, at least in this case.
Class Label Number
Since we do not know the semantic meaning of the labels, we need another graph to analyze path relevance and hopefully provide more profound insights. We build a sub-graph from a paper citation network 10 [22] extracted from DBLP, ACM, MAG (Microsoft Academic Graph), and other sources. The dataset contains 629,814 papers and 632,752 citations in total. Each paper is associated with the title, authors, abstract, venue, and published year. We exclude the nodes with incomplete information and choose the nodes with a high number of edges (to make the graph denser than the original dataset). Eventually, we obtain a sub-graph with 2,007 nodes and 2,721 edges. Each node belongs to one of 6 classes (venues), as summarized in Table 4 . In the experiments, we use each class as the target task, respectively. Taking class Discrete Mathematics as an example, the target task is boiled down to a binary classification problem: identify if an arbitrary node belongs to this class or not. We classify the sampled path into different categories and compare the average re-weighting score of each category. Specifically, if a path contains a node that belongs to class y, the path is classified into this category. Note that a path may contain nodes with different labels so that the categories can overlap. Although the categorization rule is somewhat crude, it does not prevent us from obtaining valid insights into the operation of the CGE algorithm. Figure 6 shows the average weighting score of paths containing each category when taking another category as the classification target. This figure is similar to the visualization of pairwise attention, where a larger weighting score indicates higher relevance between the corresponding classes. For example, when the supervision target is Discrete Mathematics, the paths related to Discrete Mathematics and Computational and Applied Mathematics are emphasized by larger weighting scores due to the topic relevance. The results suggest that the CGE algorithm underlines the more relevant paths automatically based on the graph structures, although it does not have the exact semantics of each label. Another finding in Figure 6 is that each node has the strongest relevance to itself. Moreover, the average weights of categories Communications of ACM, Computer and IEEE Transactions on Computer are lower. It is reasonable because the three categories contain papers from broader areas and have a larger amount of nodes. Therefore, the CGE algorithm puts more emphasizes on the rare paths so that the specialized information can be fully captured.
To demonstrate the benefit of reweighting, Figure 2 shows wegiht distribution of CITESEER dataset in CGE-LSTM-Transductive, which means the learned weights do have considerable variance, and our re-weighting scheme indeed benefits the target application. Moreover, our algorithm is a general framework which adapts to each dataset automatically. If some paths conform to the labels more naturally, the algorithm will set large weighting score to them, otherwise the weight score should be small. Thus, the variance of weighting scores reflects how much the algorithm benefits from re-weighting. For example, using CGE-LSTM-Transductive algorithm, CITESEER dataset has lower weight variance 0.0272, and PUBMED dataset has higher weight variance 0.0467, which means PUBMED dataset benefits more from path reweighting.
Weight Correlation
We also visualize the correlation between weighting scores and two major properties of the graph path, i.e., length and diversity. Given a path (ni, ni+1, ..., nj), the length is j − i + 1 and the diversity is the number of distinct nodes in the path. The correlation between path weight and path length is visualized in Figure 4 . The x-axis denotes the path length, and the y-axis shows the average weighting score of the corresponding path. Figure 4 shows that the path weight decreases when the length becomes larger. This suggests that FILL IN SOME MORE DETAIL HERE. Figure 5 shows the impact of node diversity on path weights, visualizing the results of the CGE-LSTM algorithm on the CITESEER, CORA, and PUBMED datasets, respectively. The x-axis indicates node diversity, while the y-axis shows the average weight of the corresponding path. We observe that the path weight increases with the enlargement of node diversity. The visualization results indicate that the path containing more distinct nodes is much informative, so it receives a higher path weight.
Conclusion and Future Work
In this paper, we introduce a new method for semi-supervised graph embedding, namely Customized Graph Embedding (CGE). In con-trast to previous semi-supervised graph embedding approaches, our method is capable of capturing the varying importance of different graph paths when learning node embedding vectors. The experimental results demonstrate significant improvements over state-of-the-art methods. Further analysis shows that the CGE algorithm automatically distinguishes highly relevant paths in the graph. In addition, there are strong correlations between the weighting scores and specific properties of graph paths, which agree well with human intuition. One direction of future work is to extend our customized node embedding framework to support the embedding of edges and subgraphs. We also hope to apply this method to other applications, such as search relevance and recommendation systems.
